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Here we will show how the use of a geometrical approach leads to a reduction of
the number of the viscosity coefficients of the nematic liquid crystals. Usually they
are described by five free parameters; we will show that a geometrical approach can
reduce this number to three. This result will follow from the modified version of the
Hess-Baalss approach. As a consequence of the application of the Onsager relation,
these three viscosity terms become related by the effective eccentricity of the nematic
grain, leading to a connection between the Miesowicz’s coefficients.
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1. Introduction

Since the discovery of liquid crystals (LCs), keen attention has been paid to their anisotropic
properties. In particular, the understanding of the flow properties of these materials has
been show as one of the most challenging problems in the LCs physics [1]. Early in 1936
Miesowicz showed that, in the presence of an external magnetic field, LCs exhibiting
a direction-dependent viscosity [2,3]. Since then, many efforts has been made in order
to verify the theoretical predictions and completely characterize the flow properties of
them [4-30], but a satisfactory microscopic theory for it has not been found yet [15-17].
Ericksen, Leslie and Parodi [4-9] derived a hydrodynamic theory of nematic liquid crystals
(NLCs) according to which the rheological properties of incompressible nematics depend
on five coefficients. Three of them can be chosen to be the Miesowicz viscosities. The
kinetic approach of Doi was for some time the most accepted microscopic theory of the
nematic viscosity [18-23], but even having the great merit of producing an expression free
of adjustable parameters, which captures the essence of the phenomena and furnishes a
semi-microscopic explanation to the origin of their anisotropy, it presents well-documented
disagreements with the experimental data, shows to be unable to describe the essential
aspects of the phenomenology observed in these systems, especially when the entire range
of the nematic phase is considered [15—-17]. Baalss, Hess and co-workers [24-28] proposed
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adifferent theory for the viscosities of NLCs - the HB approach. According to this approach,
all mathematical quantities describing a spherical symmetric system can be transformed, by
means of an affine transformation, into objects which describe the corresponding quantities
of a system with ellipsoidal symmetry. Although this approach does not intend to propose
that nematic viscosity is a geometrical problem; it has been proposed that many aspects
of nematic viscosity can be better understood if a geometrical point of view is considered
[15-17, 31-38].

Recently, Simdes and co-workers [31-33] showed that the usual HB approach to the
nematic viscosity is incomplete. Furthermore, they proposed a geometrical approach to
express the Leslie’s viscosity coefficients [33]. In this paper, we will show how the use
of this geometrical approach leads to a reduction of the number of viscosity coefficients.
Usually they are described by five free parameters; we will show that they can be reduced
to three.

2. Fundamentals

In this section we shall express Leslie’s viscosity coefficients in terms of the eccentric-
ity of a uniaxial ellipsoid. The argument will proceed along the standard method of the
thermodynamics of irreversible processes.

According to the Ericksen, Leslie and Parodi (ELP) approach [4-9], the general ex-
pression for the dissipation associated with the viscous flow in a nematic sample is given
by

TS = /d3r (a,,-A,,-JrE-N). (1)

The first, characterized by a fluid flow with the form A;; = (8;v; + 9;v;) /2, describes
the shear flow dissipation. The second, characterized by the term N=i—1x n, describes
the rotation of the director with respect to the background fluid, and gives to the rotational
dissipation. In these equations, 7 is the nematic director field, and the variables v and w
are point dependent fluxes, where v is velocity of the fluid and @ is the director’s angular
velocity. Associated with each of these fluxes are the thermodynamical forces o;; and h;,
which describe, respectively, the dissipative stress tensor and the molecular field [1]. The
Onsager theorem states that, in the linear regime, the generalized forces o and h; are
proportional to the fluxes A;; and N.The dissipative stress tensor of the ELP approach,

oy = aninjgng Ay + aon; W png + asn jWing + o4 Aij + asni A jpng +aen j Ajgng, (2)

where o1, as, ..., o are the Leslie coefficients, W, n, = n; — W;rny describes the rotation of
the director 7 relative to the background fluid, and W; = (8i v; — 0 jvi) / 2. The molecular
field is proportional to the antisymmetric part of the stress tensor, ai? = (hin j—nih j) / 2,
and it is given by,

hi = (a2 + a3) Ay + (a3 — a2) N;. 3)

To derive these equations, Ericksen and Leslie took into account the spatial symmetry
properties of the medium, and the equality of action and reaction. Parodi showed that the
Onsager reciprocal relations [30], which reflect the time-reversal invariance of the equations
of motion of the individual particles, applied in Eqgs. (2) and (3) above, lead to the relation
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oy + a3 = ag — as that connect the shearing flow and rotational flow terms of the two
generalized forces, o;; and h;. So, when the Ericksen-Leslie approach is considered, only
five independent combinations of the viscosity coefficients need to be effectively measured.
It is not the Leslie coefficients «; which are determined experimentally, but the coefficients
of viscosity for a nematic liquid crystal with a constant velocity gradient (or constant shear
rate) and the coefficient of viscosity describing director rotation.

Miesowicz defined three laminar flow geometries suitable for studying the shear vis-
cosity coefficient anisotropy in the nematic phase, namely, n||Vv ||V, and ALDLVv.
After Miesowicz, the shear viscosity coefficients measured under such circumstances are
referred to as my, m, and ms, respectively. Here, we have retained the notation of Helfrich
[34] by which the definitions of m and m, are interchanged. These viscosities are related
to the «; by,

my = (s +os—a2)/2, my=(az+os—ag)/2, m3=as/2. 4)

The fourth independent experimental geometry for the viscosity coefficient measurement,
the rotational viscosity y;, was proposed by Tsvetkov [7]. Finally, the fifth independent
experimental geometry for the viscosity measurement, the viscosity m,, was introduced
by Helfrich [35]. The coefficients are linearly related to the theoretical ones, thus enabling
rigorous verification of the ELP theory [36].

Hess and Balls and co-workers [24—28] have proposed a way by which the viscosity of
an anisotropic liquid, the expression given at Eq. (2), can be written in terms of the viscosity
of an isotropic liquid through an affine transformation. It is assumed that if one could
imagine a way by which nematic molecules could be continuously deformed, up to the point
in which they become spherical, it would be possible to observe a corresponding reduction
of the macroscopic anisotropies, until they vanish. Inversely, if the idealized spherical
molecules of an isotropic liquid could be deformed until they assumed the ellipsoidal form of
an idealized nematic molecule; the macroscopic physical properties would be transformed
into those observed in nematic liquid crystals. By definition of affine transformation, the HB
approach is composed by two different mathematical entities: (a) the linear transformation
between the tensor components ds' / dx', and (b) the tensor components in which it acts,
0;v*, where the letters x and s stand for ellipsoidal and spherical coordinates, respectively.
So, if 0;; = nd;v; gives the expression for the viscosity of an isotropic Newtonian fluid,
where 7 is the corresponding isotropic viscosity and 9;v; is the gradient of the isotropic
fluid velocity, then

ds' dx/
HB _ k
b 0 5
% T axi dsk (nar"), )
would correspond to the Leslie expression to the viscosity of a nematic liquid. According to
the reasoning followed at the previously quoted paper [17], a model of such deformations
would be given by

dxi dSl' 1 1 1
—— =rp8ij + (ra —rp)nin; and d—=—8,-j+ — — — | ninj. (6)
rp

ds/ Xj rp Ta

In these equations, 7, and 7, are dependent on the nematic order parameter S and
characterize the thermalized shape of an ellipsoidal nematic grain [17,37—40], r, describes
the uniaxial axis of the thermalized grain and r;, describes the degenerated axis, in such a
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way that the resulting effective eccentricity is given by
e=1——=2. @)

The HB approach never explained completely the phenomenology observed in the
LC’s viscosity. Recently, Simdes et al. [31-33] showed that Eq. (5) is incomplete because it
does not take into account all degrees of freedom of an anisotropic particle; for an observer
in the laboratory, the velocity v of an extended anisotropic rigid body is composed of two
terms, U = v + W x p, the first considering the motion of its centre of mass ", and the
second considering the rotation of its internal points, at the position o around the centre of
mass. Both of these terms produce dissipation and, as the second term is not present in Eq.
(5), the HB approach is incomplete.

In order to solve this problem and to construct a model that embraces all degrees of
freedom, the form of the isotropic stress tensor has been modified with the introduction of
three viscosity coefficients, one for the shearing flow and two for the rotational flow of a
liquid, i.e.,

ds' dx/

% =2 4

(m A + mNng + n3Neny) 3)

The parameters 1, 1, and 13 describe the dissipative channels. Specifically, n; is the

extension of the viscosity term already present in the usual HB approach, 1, and n3; have

been introduced to account for the rotational viscosity. Here, Nyn; is the transpose of N;n.

Moreover, by substituting Eq. (6) into Eq. (8) and comparing the resulting equation with
the ELP form of the stress tensor [4-9], the Leslie coefficients are given by,

o = — (ra=1p)* _ Ta _ I
1= =7 M, 02 = 5,712, &3 = 35.°17]3, 9)

Ta—T, _rp—Tg
0y = N1, o5 = =00, Qg = )

T Ta

In terms of these new parameters, the Parodi relation becomes
ent+m+0—-e)n=0. (10)

This equation shows that the terms 5y, 1, and 13 are connected by the quenched
geometry of the nematic phase. Furthermore, as the NI phase-transition is approached, the
effective form of the nematic grains loses its ellipsoid shape, becoming more and more
spherical, and gives rise to an increase in the ratio r, / ry, making e — 0. In this situation,
n2 + n3 = 0. Finally, using Eq. (10) we see that the Leslie coefficients are completely
determined by two viscosity parameters, i and 13, for example, and by the eccentricity e:

1-vi—e) -
o = ¢ l_:) oy = _en1+(1_:)i137 a = VT =ens,

(11)
044=771,045=(Jllfe—l)m,%:—(l—«/l—e)m.

The relevant aspect of these equations is that they lead to a reduction of number of
the viscosity coefficients; this is the main result of paper. The LCs’ stress tensor would be
completely characterized by three free parameters and not by five as usually it has been
described. Moreover, the use of the Eq. (11) in the definition of the Miesowicz’s coefficients,
Eq. (4), allows to construct an expression combining the Miesowicz’s coefficients, the
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dissipative parameters and the eccentricity of the nematic grain:

mzm 1 2 1+ 1}
i = ﬂ+<112>3n_%+

mymy I+e (14+e)? m
(12)
1 2 3 3+e* o
Tre ~ Vicerer o T (—eideral T

This result is a direct consequence of the use of the extended HB approach, where
two rotational dissipative parameters has been added, and it shows that the Miesowicz’s
coefficients are connected not only by the eccentricity of the nematic grain but also by
the parameters 7, and n3. Furthermore, it describes an approximation for the case where
a3 can be disregarded. According to de Gennes [1], o3 corresponds to 1.5% of the value
of ay, the isotropic term, for all nematic calamitic compounds. Then, the ratio o3 /a4 or
n3/m1 can be neglected and m% /mimy =~ 1/(1 + e). This approximation can be easily
tested experimentally. Recently, Simdes and co-workers [32] showed that as the effective
eccentricity of the nematic grains does not depend on their dimensions, but only on their
ratios, m3/m m, assume approximately the same values for all nematic compounds. Fur-
thermore, they showed that save for the neighbourhoods of the NI phase transition where
ra 3> rp,e = 1 —(rp/ry)* ~ 1, implying that m3/mm, ~ 1/2. Otherwise, as the NI phase
transition is approached the effective forms of the nematic grains lose their ellipsoidal
shape, becoming more and more spherical, and giving rise to an increase in the ratio r/r,,
making e — 0, and m%/m;m, — 1. Finally, Eq. (12) describes that the difference between
isotropic and anisotropic liquids is not exclusively due to the geometry of their constituent
grains.

3. Experimental Data

In order to verify whether the experimental results agree with Eq. (12), we have collected
the experimental data from the literature [10—14]. The results are shown in Fig. 1, where
a uniformised temperature scale was constructed [15-17, 41, 42] in such a way that for
the nematic—crystalline transition the temperature 7 = 0 was attributed, while for the NI
transition the temperature 7 = 1 was attributed. In the figure it can be observed that along
the entire range of the nematic phase it is found that m% /mymy ~ 1/2 and only at the
neighbourhoods of the NI phase transition is an increase of the value observed.

4. Conclusions

In this paper, we have shown how the use of a modified version of the HB approach leads
to a reduction of the number of the viscosity coefficients of the NLCs — only three free
parameters are necessary: two viscosity parameters 7; and 13 and the quenched eccentricity
e of the nematic grain. As a consequence of the application of the Onsager relation, the
set of parameters 7, 7, and 73 that describes the dissipative channels are not independent,
but connected by the eccentricity of the nematic grain, Eq. (10). Another astonishing result
following from the Eq. (10) is that as the effective eccentricity becomes null when the NI
phase-transition is approached, in this region the contribution each of the two rotational
dissipative channels is non-null, but their sum is. Finally, we have found a meaning for the
ratio m% / (mym,) between the Miesowicz’s coefficients, Eq. (12): it expresses the relative
contribution of the two dissipative channels to the Miesowicz’s coefficients.
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Figure 1. The ratio m% /mym, versus the uniformized nematic temperature scale [15-17, 41, 42].
As the ratio a3/0y4 or n3/n; can be neglected, Eq. (12) assumes m% /mmy =~ 1/2. The experimental
data exhibited in this graph [10—14] completely confirm this prediction.

Acknowledgments

We are grateful to the Brazilian Agencies Coordenacdo de Aperfeicoamento de Pessoal
de Nivel Superior, Fundacdo Araucdaria (Parand), Conselho Nacional de Desenvolvimento
Cientifico e Tecnoldgico (Ministério da Ciéncia e Tecnologia) and Instituto Nacional de
Ciéncia e Tecnologia de Fluidos Complexos for financial support.

References

[1] de Gennes, P. G., & Prost, J. (1993). The Physics of Liquid Crystals 2nd Edition, Clarendon
Press: Oxford.
[2] Miesowicz, M. (1935). Nature (London, UK), 136, 261.
[3] Miesowicz, M. (1936). Bull. Acad. Pol. A, 228.
[4] Ericksen, J. L. (1960). Arch. Ratl. Mech. Anal., 4, 231; (1962). Arch. Ratl. Mech. Anal., 9, 371.
[5] Leslie, F. M. (1966). Quart. J. Mech. Appl. Math., 19, 357.
[6] Parodi, O. (1970). J. Phys. (Paris), 31, 581.
[7] Foster, D., Lubensky, T., Martin, P., Swift, J., & Pershan, P. (1971). Phys. Lett., 26, 1016.
[8] Martin, P. C., Parodi, O., & Pershan, P. (1972). Phys. Rev. A, 6, 2401.
[9] Martin, P. C., Pershan, P. J., & Swift, J. (1970). Phys. Rev. Lett., 25, 844.
[10] Tseng, H., & Finlayson, B. A. (1985). Mol. Cryst. Lig. Cryst., 116, 265.
[11] Géhwiller, C. H. (1972). Mol. Cryst. Lig. Cryst., 20, 301.
[12] Kneppe, H., Schneider, F., & Sharma, N. K. (1981). Ber. Bunsenges, Phys. Chem., 85, 784.
[13] Kneppe, H., Schneider, F., & Sharma, N. K. (1982). J. Chem. Phys., 77, 3203.



Downloaded by [Renmin University of China] at 11:07 13 October 2013

(14]
[15]
(16]
(17]
(18]
(19]
(20]

(21]
[22]
(23]

[24]
[25]
[26]
[27]
(28]
[29]
(30]
(31]
(32]
(33]
[34]
[35]
(36]
(371

(38]

[39]
[40]
[41]
[42]

A Geometrical Approach to the Miesowicz’s Coefficients 59

Meiboom, S., & Hewitt, R. C. (1973). Phys. Rev. Lett., 30, 261.

Simdes, M., & Domiciano, S. M. (2002). Phys. Rev. E, 66, 061703.

Simdes, M., & Domiciano, S. M. (2003). Phys. Rev. E, 68, 011705.

Simdes, M., de Campos, A., & Barbato, D. (2007). Phys. Rev. E, 75, 061710.

Doi, M. (1981). J. Pol. Science, 19, 229.

Doi, M., & Edwards, S. F. (1986). The Theory of Polymer Dynamics, Oxford Press: New York.
Doi, M., & Edwards, S. E. (1978). J. C. S. Faraday Trans., 74, 560; (1978). J. C. S. Faraday
Trans., 74, 918.

Kuzuu, N., & Doi, M. (1983). J. Phys. Soc. Japan, 52, 3486; (1984). J. Phys. Soc. Japan, 53,
1031.

Osipov, M. A., & Terentjev, E. M. (1989). Z. Naturforsch., A: Phys. Sci., 44, 785; (1990). Mol.
Cryst. Lig. Cryst., 198, 429; (1990). Nuovo Cimento, 12, 1223.

Larson, R. G. (1999). The Structure and Rheology of Complex Fluids, Oxford University Press:
Oxford.

Baalss, D., & Hess, S. (1986). Phys. Rev. Lett., 57, 86.

Baalss, D., & Hess, S. (1988). Z. Naturforsch., A: Phys. Sci., 43, 662.

Sollich, H., Baalss, D., & Hess, S. (1989). Mol. Cryst. Liq. Cryst., 168, 189.

Hess, S., Scwarzl, J. F., & Baalss, D. (1990). Phys. Condens. Matter, 2, SA279.

Ehrentraut, H., & Hess, S. (1995). Phys. Rev. E, 51, 2203.

Gray, G. W. (1979). The Molecular Physics of Liquid Crystals, Chap. 1, Academic: London.
Onsager, L. (1931). Phys. Rev., 37, 405; (1931). Phys. Rev., 38, 2265.

Simdes, M., Yamaguti, K., & Palangana, A. J. (2009). Phys. Rev. E, 80, 061701.

Simdes M., Palangana, A. J., Domiciano, S. M., & Alves, F. S. (2010). Lig. Cryst., 38, 61.
Simdes, M., & Silva, J. L. C. (2011). Phys. Rev. E, 83, 051702.

Helfrich, W. (1969). J. Chem. Phys., 50, 100; (1970). J. Chem. Phys., 53, 2267.

Tsvetkov, V. N. (1939). Acta Physicochim., 10, 555.

Helfrich, W. (1969). J. Chem. Phys., 51, 4092.

Simdes, M., Palangana, A. J., Steudel, A., Kimura, N. M., & Gémez, S. L. (2008). Phys. Rev.
E, 77,041709.

Simdes, M., Pazetti, M., Domiciano, S. M., Oliveira, D. A., & Palangana, A. J. (2008). Phys.
Rev. E, 78, 022702.

Simdes, M., & de Campos, A. (2007). Lig. Cryst., 34, 719.

Simdes, M., & de Campos, A. (2007). Phys. Lett. A, 370, 173.

Simdes, M., & Simedo, D. S. (2006). Phys. Rev. E, 73, 062702.

Simdes, M., & Simedo, D. S. (2006). Phys. Rev. E, 74, 051701.



